We study the Casimir-Polder force arising between two identical two-level atoms and mediated by a massless scalar field propagating in a black-hole background. We study the interplay of Hawking radiation and Casimir-Polder forces and find that, when the atoms are placed near the event horizon, the scaling of the Casimir-Polder interaction energy as a function of interatomic distance displays a transition from a thermallike character to a nonthermal behavior. We corroborate our findings for a quantum field prepared in the Boulware, Hartle-Hawking, and Unruh vacua. Our analysis is consistent with the nonthermal character of the Casimir-Polder interaction of two-level atoms in a relativistic accelerated frame [J. Marino et al., Phys. Rev. Lett. 113, 020403 (2014)], where a crossover from thermal scaling, consistent with the Unruh effect, to a nonthermal scaling has been observed. The two crossovers are a consequence of the noninertial character of the background where the field mediating the Casimir interaction propagates. While in the former case the characteristic crossover length scale is proportional to the inverse of the surface gravity of the black hole, in the latter it is determined by the inverse of the proper acceleration of the atoms.
I. INTRODUCTION
The relationship between quantum theory and the gravitational field is a very special one [1] . While standard quantum (field) theory is formulated on a fixed background, gravity is described by a dynamical spacetime. This difference is the major obstacle for a consistent quantization.
Black holes are assumed to play a key role in the search for a quantum theory of gravity. This is because they obey laws which are closely analogous to the laws of thermodynamics. The interpretation of these laws necessarily invokes quantum theory because classically a black hole cannot radiate and thus cannot be attributed a temperature. Using the formalism of quantum field theory on a classical dynamical spacetime (see e.g. [2, 3] ), Hawking has shown that black holes radiate with a temperature proportional to , which in the case of a Schwarzschild black hole is given by T = c 3 /8πk B GM [4] . The interpretation and consequences of this temperature are still subject of investigations; see, for example, [5] for a recent review. If this radiation were exactly thermal and if the black hole evaporated completely, any initial (quantum) state would evolve into the same final thermal state, in violation of the unitary time evolution of ordinary quantum theory. This "information-loss problem" can eventually only be solved within a final theory of quantum gravity.
Besides particle creation, an important effect in blackhole spacetimes is vacuum polarization [3] . A similar effect in flat spacetime occurs in the presence of nontrivial boundaries -the Casimir effect [6] [7] [8] [9] [10] [11] . The physical reality of this effect has been empirically confirmed in a variety of experiments [12] . In its classic formulation, the Casimir effect is the attraction of two neutral conducting plates at zero temperature as a result of a quantum pressure induced by vacuum fluctuations. Even before, Casimir and Polder have investigated the attraction between an atom and a perfectly conducting wall as well as between two atoms [13] . Both Casimir and Casimir-Polder forces have been explored in the presence of boundary conditions and nontrivial backgrounds which can modify the quantization conditions of the field modes and accordingly the structure of correlations in the quantum vacuum. See also Ref. [14] for a recent study of the Casimir-Polder interaction in graphene.
In this paper, we address the Casimir-Polder interaction between two atoms. When embedded in a quantum vacuum, they experience a force as a result of local dipoles spontaneously induced on them by correlated zero-point vacuum fluctuations. We consider this interaction in a black-hole spacetime and thus present a situation in which the quantum aspects of black holes and the quantum aspects of the standard Casimir-Polder force are intertwined. In this respect, we also remark the existence of a number of previous studies on the gravitation interaction of the Casimir energy [15] .
A useful technique, widely employed in the literature, is a method developed by Dalibard, Dupont-Roc, and Cohen-Tannoudji (DDC) in order to separate in perturbation theory the distinct contributions of vacuum fluctuations and radiation reaction to radiative shifts of atomic energy levels [16] . The method was originally formulated to treat a small system coupled to a reservoir [17] ; in this case, it was shown that two types of physical pro-cesses contribute to the evolution of an observable, those where the fluctuation of the reservoir polarizes the system and those where it is the system itself that polarizes the reservoir. If the system is a quantized field, we call the former vacuum fluctuations and the latter radiation reaction contributions.
In second order perturbation theory, the aforementioned method has been successfully applied to computing space-dependent radiative shifts of atoms in front of a reflecting plate -also known as atom-plate Casimir force [18] . Moreover, it has also been employed to investigate the radiative processes of entangled atoms in Minkowski spacetime [19] and also in the presence of an event horizon [20, 21] .
However, only recently the method by DDC has been extended to fourth order in perturbation theory for atoms linearly coupled to a scalar field [22, 23] , as necessary to compute the Casimir-Polder force between two polarizable, neutral atoms in their respective ground states.
Outline of results
(i) Casimir-Polder interaction in a black-hole spacetime -We examine the Casimir-Polder interaction between two identical two-level atoms in a Schwarzschild spacetime, linearly coupled with the quantum fluctuations of a scalar field prepared in the Boulware, HartleHawking, and Unruh vacuum states. Similar computations have already been performed with a different atomic configuration, considering an electromagnetic field and employing the method of equal-time spatial vacuum field fluctuations [25] . In this paper, we explore a broader variety of parameters, considering the interplay of the interatomic distance, energy level spacing of the atoms, and the surface gravity of the black hole. In particular, we highlight the regimes where the Casimir-Polder force exhibits a nonthermal scaling with the interatomic distance; indeed, while for certain choices of parameters, the Casimir interaction displays a thermal character linked to its Hawking temperature, at large enough interatomic separations, and close to the black-hole horizon, the noninertial character of the background metric modifies the scaling of the force in a nonthermal fashion.
We derive these results calculating the vacuum fluctuation and radiation reaction contributions to the CasimirPolder interaction at fourth order in perturbation theory in the atom-field coupling strength (see for a derivation [23] ). The vacuum fluctuation term can be interpreted as the fluctuations of the zero-point field inducing local dipoles on the atoms, which leads to a coupling between the atoms, while the radiation reaction term reflects the opposite mechanism: when one of the atom experiences quantum fluctuations, it polarizes the remainder of the system (the field and the other atom). The associated expressions for the radiative energy level shifts (Eqs. (3) (4) below and Refs. [22, 23] ) provide a set of general formulae to compute Casimir-Polder forces from first principles without resorting to specific phenomenological models.
(ii) Analogy with the Casimir-Polder interaction of two relativistic uniformly accelerated atoms -We discuss the analogy with a similar phenomenology encountered in Ref. [22] (also notice similar studies in [24] ), where the large-distance scaling of the Casimir interaction among two relativistic uniformly accelerated atoms was studied. Close to the event horizon, the Schwarzschild metric takes the form of the Rindler line element, and we find that the characteristic exponent of the algebraic scaling discussed in [22] is perfectly mirrored in the large interatomic separation scaling of the Casimir force close to the black hole. The nonthermal correction to the Casimir interaction is imprinted by the noninertial character of the background metric which becomes sizeable at distances larger than the inverse of the surface gravity of the black hole, that is, larger than 4GM/c 2 . The organization of the paper is as follows. In Sec. II, we setup our system and discuss the identification of vacuum fluctuations and radiation reaction corrections at fourth order in perturbation theory to the radiative energy shifts of the atoms. In Sec. III, we calculate the Casimir-Polder interaction energy for static atoms outside a Schwarzschild black hole and compare it with analogous results for relativistically uniformly accelerated atoms [22] . Conclusions and final remarks are given in Sec. IV. In the Appendix, we present the correlation functions for a scalar field in Schwarzschild spacetime.
In this paper, we use units such that = c = k B = 1, but include some remarks on the dependence of the results on such constants. We employ the convention that the Minkowski signature is given by η αβ = −1, α = β = 1, 2, 3, η αβ = 1, α = β = 0 and η αβ = 0, α = β.
II. THE MODEL AND THE METHOD
In the following, we consider two identical two-level atoms interacting with a quantum massless scalar field. The atoms move along different world lines in a fourdimensional Schwarzschild spacetime,
where g 00 = (1 − r s /r) and r s = 2GM is the Schwarzschild radius. Eq. (1) describes the gravitational field outside a spherically symmetric body of mass M in spherical coordinates (r, θ, φ). The collapse of an electrically neutral, static star endowed with spherical symmetry produces a spherical black hole of mass M with external gravitational field, described by the Schwarzschild line element (1), and with the event horizon of the black hole being located at the Schwarzschild radius r s . Our goal is to compute the Casimir-Polder force between the two atoms mediated by a massless scalar field propagating in a spacetime described by the metric (1). We employ a general method for the computation of Casimir-Polder interaction energy from first principles. The approach we use is the DDC formalism up to fourth order in perturbation theory, following closely Refs. [22, 23] . In particular, we consider the contribution to the interaction energy coming from the interplay between vacuum fluctuations and radiation reaction among the two identical two-level atoms linearly coupled with the scalar field. We assume that both atoms are moving along different stationary trajectories
, where τ i denotes the proper time of atom i (i = A, B). The Hamiltonian of the system reads [18] 
where dτ /dt = √ g 00 , and t is the Schwarzschild coordinate time. In Eq. (2), σ A brief comment on the units employed in this work is in order. Here the field ϕ has the usual mass dimension, while λ is dimensionless. If we reinsert , ϕ 2 has dimension of mass over length, while λ 2 has dimension of mass times length.
The DDC approach allows us to identify two different contributions in the expectation value of a given atomic observable [16, 17] ; the first is generally refered to as vacuum fluctuation (vf) term and it accounts for the response of the atom to zero-point quantum fluctuations of the field, while the other term accounts for the backreaction on the atom, as a result of its interaction with the field -it is the radiation reaction (rr). Here, we do not give a detailed treatment of the DDC formalism, since it has been discussed to full extent in the papers cited above; we will directly present, instead, the final outcome of the derivation of a fourth-order perturbative computation (λ is the small parameter) of the vf and rr contributions to the radiative correction of the atomic bare energy, ω 0 , of a given atom [22, 23] . In particular, in order to extract the Casimir-Polder interaction, the part of energy shift of interest is the contribution at fourth order in the atom-field interaction that depends on the interatomic distance (since the other fourth-order terms are just renormalizations of the bare energy ω 0 ).
We focus, for instance, on the radiative shift to the level |α of atom A, and we take the average of field operators in the vacuum state of the quantum field |0 as well as the expectation value of atomic operators in the state |ν of atom B. After a lengthy algebra, we find the following expression for the vacuum-fluctuation and radiation-reaction contributions to the energy level shift of atom A in the state |α :
and (δE)
In all equations above, we make use of the following definitions:
, is the atomic susceptibility of the atom in the state |ν , and
is the symmetric correlation function of the atom in the state |ν . (The suffix f indicates that we are in the interacton picture where we have the free evolution of the atomic observables.)
The explicit forms of these quantities are given by
and
where ∆ν := ω 0 (ν − ν ) (the summation over ν is over the product state basis or, in the case of one atom, over |g , |e ), and we have conveniently introduced the function A ij ab (ν, ν ) defined as
For the field variables, one has
which is the symmetric correlation function of the scalar field (also known as Hadamard's elementary function) and
which is the response function of the field (or PauliJordan function). The physical interpretation of Eqs. (3) and (4) can be read from the type of response or correlation functions entering these expressions. Regarding δE vf , the field fluctuates around the two atoms A and B (D AB ), and they respond with a local polarization χ A and χ B , which results in the transmission of a quantum of the field between them (response field, ∆ AB ), or in other words, the medium among them gets polarized. Regarding δE rr , the atom A fluctuates (C A ), and polarizes the remaining components of the system: the atom B (χ B ) and the field (∆ AB ).
III. CASIMIR-POLDER INTERACTION
We consider the two atoms prepared in their respective ground states, static and at fixed Schwarzschild radial coordinates r A and r B outside the black hole. The world lines are given respectively by
, and g 00 (r) = 1−2GM/r (the angular coordinates θ i , φ i are constants). In order to employ the formulae (3) and (4), one should use the associated correlation functions of the scalar field. The correlation functions of a massless scalar field in Schwarzschild spacetime for each one of the possible vacua (Boulware, Hartle-Hawking, Unruh) discussed in the literature is briefly outlined in the Appendix (where we present the computation of the correlations functions relevant to extract ∆ and D). For further details, we refer to Ref. [3] .
A. Boulware vacuum
The Boulware vacuum has a close similarity to the concept of an empty state at large radii. It is the appropriate choice of vacuum state for quantum fields in the vicinity of an isolated, cold neutron star; the Boulware vacuum is relevant to the exterior region of a massive body that is just outside its Schwarzschild radius [27, 28] .
The associated symmetric correlation function is given by
where the addition theorem for the spherical harmonics was used [29] ,r i andr j (with i, j = A, B) are two unit vectors with spherical coordinates (θ i , φ i ) and (θ j , φ j ), respectively, P l is the Legendre polynomial of degree l [30] and the radial functions − → R and ← − R are introduced in the Appendix. The response function is given by
In this way, using A AA (ν, ν ) = A BB (ν, ν ) = 1/4, with |ν = |g being the atomic ground state |g (the only contribution in the summation over ν appearing in the atomic correlation functions comes from the excited state |ν = |e ), one has, for the vacuum fluctuation contribution
where
The appearance of √ g 00 multiplying the energy gap is a consequence of the usual gravitational redshift effect. In addition, we have defined B(ω, r, r ) = − → B (ω, r, r ) + ← − B (ω, r, r ), with
Regarding the radiation reaction contribution, one gets
Atoms far from the black hole
In order to keep the discussion transparent, let us discuss the radiative energy shifts for the asymptotic regions of interest, keeping |x A − x B | fixed. First, we consider the case r A , r B → ∞. Following the discussion presented in the Appendix, one can neglect the contribution coming from
Hence:
where we have used the fact that ω A ≈ ω B ≈ − ω 0 for r A , r B → ∞. In the above expressions, we have used the definitions
where D M and ∆ M have now the same expressions, respectively, of the symmetric correlation and the response functions of the massless scalar field in Minkowski spacetime [22] . Therefore, in the limit r A , r B → ∞, we recover the results for the scalar Casimir-Polder energy between two static atoms in Minkowski spacetime. Indeed, concerning vacuum fluctuations, one gets, in the limit
where ∆r = |x A − x B |, and
Ci and Si are the usual cosine and sine integrals, respectively. As for the radiation-reaction contribution, we find, in the limit t − t 0 → ∞,
In order to derive this expression we have considered a convergence factor e −ηt (where η is a positive infinitesimal) in the integral over t . This is required, since in the limit η → 0 the integral over t diverges, as expected for a nonrelativistic evaluation of radiative energy shifts. This occurs also in the calculation of Lamb shifts for static atoms within the DDC formalism [16, 17] , and we have followed an analogous regularization procedure here. In the final formulae of our computations, we accordingly present only the finite part of integrals.
The total Casimir-Polder interaction energy is the sum of the above contributions,
In the near-zone regime, ω 0 ∆r 1, the leading order is then given by the radiation-reaction contribution, specifically
In the far-zone regime, ω 0 ∆r 1, the leading behavior is due exclusively to the vacuum-fluctuation contribution; hence
As a benchmark, notice that these 1/(∆r) 2 and 1/(∆r) 3 scalings of the Casimir-Polder forces in the near (∆r 1/ω 0 ) and far zones (∆r 1/ω 0 ), respectively, were found in Ref. [22] for two static atoms in Minkowski spacetime.
If we want to reinsert the reduced Planck constant back in these expressions, we have to notice that λ is then dimensionful, having the dimension of a square root of mass times length. To compare it with the standard expressions for the Casimir-Polder force [13] , one has to redefine the coupling as λ 2 = λ2 , withλ being dimensionless. In this way, one recovers the standard factor (or c if c is taken into account) in the numerator of these expressions.
Atoms close to the black hole
We now consider the limit r A , r B → 2GM . In this situation, from the results derived in the Appendix, we have
where A ·r B ) is the arc distance between the atoms. In addition:
This last expression can be neglected in comparison with Eq. (28) at leading order in r, r → 2GM . Therefore, for the vf contribution to the energy level shift of the atom A, we find
and, for the rr term,
where we have defined
and∆
with
Above we used the fact that ω A ≈ ω B and r A ≈ r B = r for r A , r B → 2GM (butr A =r B ). Therefore, proceeding with a similar calculation as the previous case one obtains the following expression for the contributions coming from the vacuum fluctuations, taking t − t 0 → ∞ in Eqs. (30) and (31),
The (finite part of the) radiation-reaction contribution reads, in the limit t − t 0 → ∞,
For κ(r)∆L 1 (or γ 2 √ g 00 ), we have
2 ; therefore, we obtain similar results as for the case of atoms placed at r A , r B → ∞, taking into account the necessary changes coming from gravitational-redshift effects.
On the other hand, for the more realistic situation in which κ(r)∆L 1 (or γ 2 √ g 00 ), since g 00 is a small quantity near the event horizon, one finds that d 1 ≈ 2 ln[κ(r)∆L]/κ. Assuming the energy spacing of the atoms to be larger than the surface gravity |ω A |/κ 1, one has, for the vacuum-fluctuation contribution at leading order,
In order to derive this result, one first has to develop an asymptotic series in |ω A |/κ and then expand in κ(r)∆L 1. In a similar fashion, the finite part of the contribution coming from radiation reaction reads
Therefore, in the limit r → 2GM and keeping κ(r)∆L 1 and |ω A |/κ 1, the Casimir-Polder energy reads
.
We emphasize that this result differs strongly from the setup with two atoms far away from the black hole as discussed in subsection III A 1 above; the power-law scaling of the Casimir-Polder interaction energy is clearly different. We also note that the gravitational constant explicitly occurs in these expressions (through κ), in contrast to the ealier results (25) and (26).
The different scaling of the Casimir interaction energy at large distances κ(r)∆L 1 is due to corrections proportional to ∆L in the two-point response and correlation functions, and it signals the fact that at large enough distances the strong noninertial character of the metric becomes pronounced; on the contrary, at short distances, they are negligible and the Casimir interaction is then well approximated by its expression in flat spacetime (Eq. (36) and discussion below). We believe that this characteristic scaling of the Casimir energy can have important consequences in the situation in which matter is around a body collapsing towards its Schwarzschild radius during the evolution towards a black hole.
B. Hartle-Hawking vacuum
The Hartle-Hawking vacuum is relevant for the physical situation in which the black hole is at equilibrium with black-body radiation at temperature T = κ/(2π) [28, 31] .
where again we have employed the addition theorem for spherical harmonics, while for the response function, we have
In this way one has, for the vacuum fluctuation contribution:
where we have defined H ± (ω, r, r ) = − → H (ω, r, r ) ± ← − H (ω, r, r ), with
Regarding the radiation reaction, one gets instead
1. Atoms far from the black hole
Let us evaluate the radiative energy shifts for the atom A in its ground state |g in the asymptotic regions of interest, keeping |x A − x B | fixed. For r A , r B → ∞ and using the results discussed above, one gets
while (δE)
A g,rr is given by Eq. (19) . Note that the radiation reaction does not get any Planckian factor, since any information on the distribution function of particles is contained in the symmetric correlation function (compare with Eq. (4)). In the above expression, D M β is the thermal correlation function of the massless scalar field in Minkowski spacetime:
In the limit r A , r B → ∞ one must recover the results for the scalar Casimir-Polder energy between two static atoms at a finite temperature β −1 = κ/2π, which in the present case is just the usual Hawking temperature of the black hole. Hence, after taking the limit t − t 0 → ∞ of Eqs. (44), (45), one finds by straightforward integration that the contributions of vacuum fluctuations to the Casimir-Polder interaction energy are given by
whereas the radiation-reaction contribution is given by expression (24) . In the expression above, we have introduced Φ(z, s, a) = 
In addition, one has the asymptotic formulae (z 1)
and coth z = 1+2(e −2z +e −4z +· · · ). Such results allow us to express the Casimir-Polder energy in the limit βω 0 1 (low temperature): we find
where we have kept only the leading-order terms in the asymptotic expansion; in the limit 2π∆r/β 1, one has
which coincides with the leading order from (50), since the radiation-reaction contribution is negligible compared to the vacuum-fluctuation contribution. This expression is the far-zone Casimir-Polder energy of two static atoms in Minkowski spacetime at distances where thermal corrections are subleading since they are parametrically small in ∆r/β 1. The benchmark case for this results is found again in Ref. [22] . On the other hand, in the limit 2π∆r/β 1, thermal corrections affect the scaling of the Casimir-Polder force, the reaction radiation term provides again a contribution of the same order of the vacuum fluctuation one, and therefore we find
which agrees once again with the thermal Casimir force computed in Minkowski space time [22] , at the Hawking temperature T = κ/2π.
Atoms close to the black hole
With r A , r B → 2GM and again using results from above, one has, at leading order in r, r → 2GM :
with (δE) A g,rr given by Eq. (31), and
with∆ B given by expression (33) . Also in this case, there is no signature of the thermal distribution function in the expression for the radiation-reaction contribution. From these quantities, it is easy to see that the radiation-reaction contribution is once again given by expression (36) in this limit. On the other hand, for the vacuum-fluctuation contribution, one has (in the limit
The Casimir-Polder interaction between two atoms placed close to a black-hole horizon, displays the same non-thermal scaling behaviour as a function of the interatomic distance occurring for two relativistically uniformly accelerated atoms in a flat spacetime [22] (Rindler metric). The characteristic crossover distance is in the former case proportional to the inverse of the surface gravity κ, while in the second case to the inverse of the proper acceleration a. Instead of the thermal scaling (1/(∆L) 2 or 1/z 2 ) expected from the thermal Hawking/Unruh radiation, the Casimir interaction decreases faster to zero at large distances (1/(∆L) 4 or 1/z 4 ) as a result of further distance-dependent contributions coming from the non-inertial character of the background metric. For short distances (∆L √ g00/κ or z 1/a), the Casimir interatomic interaction is, instead, at leading order equivalent to its zero-temperature expression.
As above, in the limit βω A 1, the Casimir-Polder energy is given by the vacuum-fluctuation contribution,
For κ(r)∆L 1, we obtain the same results as above (considering gravitational-redshift effects), namely the vacuum-fluctuation contribution to the Casimir-Polder interaction near the event horizon exhibits, at the lowest order in κ(r)∆L, a scaling with the interatomic distance, characteristic of the finite temperature case. However, when κ(r)∆L 1, one gets
(57) Hence, taking into account the radiation reaction contribution given by Eq. (38), one has that
The scaling of the Casimir energy (58) is in line with the conclusions of Ref. [22] where the scaling of the Casimir-Polder force has been computed for two uniformly relativistic accelerating atoms. In particular, for interatomic distances larger than the typical length scale 1/κ(r), where the metric (and accordingly the field correlation functions) displays a strong noninertial character, the thermal scaling is deformed, and a novel scaling form for the Casimir-Polder interaction energy sets in. In close parallel, in Ref. [22] it has been shown that this non-thermal scaling, 1/z 4 , of the Casimir interaction as a function of the interatomic distance z, occurs at distances larger than ∼ 1/a, with a the proper acceleration of the two atoms. The feature of having analogue scalings and the acceleration replaced by the surface gravity is expected on the basis of the equivalence of the Rindler metric with the Schwarzschild one, when the atoms are located close to the black hole horizon. The interpretation follows again the features discussed in the case of the Boulware vacuum: On the top of a thermal scaling regulated by the Hawking temperature T , additional factors depending on interatomic distance enter the Casimir interaction to implement the noninertial character of the background metric. Once again, this is a direct consequence of a change in the scaling of response (∆) and correlation functions (D), which is provoked by curvature corrections to the correlation functions at large enough distances where gravity effects are more pronounced.
The analogy between the nonthermal character of Casimir interaction in a Rindler and Schwarzschild background constitutes the central result of our work, and we summarize a comparison between these two cases in Fig. 1 .
C. Unruh vacuum
The Unruh vacuum state is the adequate choice of vacuum state relevant for the gravitational collapse of a massive body [28, 32] . At spatial infinity, this vacuum depicts an outgoing flux of black-body radiation at the black-hole temperature.
By inserting Eq. (A7) from the Appendix in Eqs. (10) and (11) one obtains the associated symmetric and response correlation functions, respectively. Not surprisingly, we obtain similar results as above within the same asymptotic limits. For instance, for r A , r B → ∞, one can easily prove that (δE) A g,vf is given by Eq. (18), whereas (δE) A g,rr is given by expression (19) . In other words, one obtains the same results as in the Boulware vacuum at spatial infinity. In turn, with r A , r B → 2GM , one has that (δE) 
IV. CONCLUSIONS AND PERSPECTIVES
We have discussed the contributions of vacuum fluctuations and radiation reaction to the Casimir-Polder forces between two identical atoms in Schwarzschild spacetime. We have shown how the distance-dependent radiative shifts of atoms in their ground states are modified when the atoms are placed near and far away from the black hole as well as when the quantum field is prepared in the Boulware, Hartle-Hawking, and Unruh vacuum states. Our findings generalize, in particular, the mechanism discussed in Ref. [22] for two uniformly relativistic accelerated atoms: The Casimir-Polder interaction exhibits a transition between different scaling behaviors (thermal and nonthermal like) at a characteristic length associated with the mass of the black hole. This effect is pronounced close to the event horizon, and it originates from the noninertial character of the background metric, which provides further distance-dependent corrections to the otherwise expected thermal (at Hawking temperature) scaling of the Casimir interaction energy. Furthermore, close to the black hole, where the Schwarzschild metric takes the form of the Rindler line element, we find the same qualitative scaling as was found in Ref. [22] for two relativistically uniformly accelerated two-level atoms.
There have been several investigations of quantum electrodynamic effects in a curved spacetime. Indeed, there is a number of discussions of the behavior of a scalar field (such as the Higgs particle) in the vicinity of strong gravitational sources [35] . In turn, Ref. [36] considers the Higgs self-interaction in a perturbed FRW metric. On the other hand, proposals highlighting the potential of spectroscopic measurements near the surface of white dwarfs and neutron stars can be found in Refs. [37] . In a similar spirit, radiative shifts of matter surrounding a black hole might be significantly altered by the qualitative distancedependent corrections discussed in this work. In this way the present results provide an indirect confirmation of corrections to the scaling of Casimir-Polder forces in accelerated backgrounds.
The formulae for the vacuum fluctuation and radiation reaction terms at fourth order in perturbation theory constitute a promising tool to compute Casimir interactions for ground-state atoms in other more complicated settings.
It would be interesting to generalize our results to other situations where quantum aspects of the gravitational field are of relevance. The first example is the study of gedanken experiments like the one discussed in [38] , in which a box is lowered towards the event horizon. Quantum effects are there important to guarantee the validity of the Generalized Second Law of black hole mechanics. The second example is the Kerr black hole (see e.g. [26] ). In contrast to a Schwarzschild black hole, it has a region called ergosphere in which static observers cannot exist. The calculation of Casimir-Polder energies near or in this region are of interest, but could also be of astrophysical relevance because observed black holes (such as the supermassive black hole with 4.3×10
6 M in the center of the Milky Way) all have accretion disks of matter around them. Finally, the behavior of Casimir-Polder forces near cosmological horizons (de Sitter case) or in situations with both cosmological and black hole horizons (Schwarzschild-de Sitter case) [39, 40] could turn out to be of conceptual interest. All of this would boost out knowledge about the intriguing features that appear when quantum theory and gravitational physics are intertwined. scalar field is
where the label n distinguishes between modes incoming from past null infinity J − (hereafter denoted by n =←) and modes going out from the past horizon H − (hereafter denoted by n =→). One has the asymptotic forms:
where r * = r+2GM ln(r/2GM −1) is the Regge-Wheeler tortoise coordinate, and R and T are the usual reflection and transmission coefficients, respectively, with the following properties
The positive frequency Wightman functions associated with the Boulware vacuum |0 B , the Hartle-Hawking vacuum |0 H , and the Unruh vacuum |0 U are given, respectively, by
where κ = 1/4GM is the surface gravity of the black hole [2] . Let us now present the mode summations in the asymptotic regions r → 2GM and r → ∞. At fixed radial distances r and r , the correlation function of the field in the Boulware vacuum can be written as 
where we have used the addition theorem for the spherical harmonics, andr andr are two unit vectors with spherical coordinates (θ, φ) and (θ , φ ). In general, one has 
and for x = x we get (P l (1) = 1):
In order to estimate the remaining sum, it is an important benchmark to recall that the above correlation function should agree at large radii with the correlation function of the scalar field in the Minkowski vacuum. Therefore, for r, r → ∞, one gets 
Let us evaluate the mode sums in the region r ≈ 2GM . We begin by defining ζ 2 = r/2GM − 1 and q = 4GM ω.
With these definitions, one can prove that − → R ωl obeys an equation that has the following approximate form:
where we have approximated l(l + 1)ζ 2 ≈ (lζ) 2 since ζ ∼ 0. This is just the usual Bessel differential equation whose general solution can be expressed in terms of the modified Bessel functions:
As l → ∞ for fixed ζ, the radial function tends to zero; r lies in the region in which the effective potential for the radial function is large. Hence d l is an exponentially small function of l for large l and the second term in equation (A14) may be neglected in comparison with that of the first term in (A14). The coefficient c l may be determined by comparing the asymptotic result z → 0 for K ν (z) with the asymptotic solution − → R ωl (r) ∼ e iωr * r −1 + − → R l (ω)e −iωr * r −1 , r → 2GM.
One finds that
Therefore, at leading order we have where g 00 = (1 − 2GM/r), cos γ =r ·r = cos θ cos θ + sin θ sin θ cos(φ − φ ), and we have used [30] Γ(iq)Γ(−iq) = π q sinh(πq) , together with the asymptotic result:
in which J µ (x) is a Bessel function of the first kind. Considering that r ≈ r (butr =r ), one may resort to the result [34] : , where we assume a small positive imaginary part for a so that the integral converges. Therefore, as a next step we find 
where κ(r) = κ/ g 00 (r) and ∆L = r s γ are defined as above. For x = x we find
where we have used that [34] 2 Γ(iq)Γ(−iq)
The other mode sum in the region r → 2GM can be easily estimated:
(2l + 1)P l (r ·r )|T l (ω)| 2 e −iω(r * −r * ) (2GM ) 2 , r, r → 2GM,
which for x = x reads
